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Past

• Limitations
Ø Motion capture systems, pilots, and GPS

Ø Known environment
Ø Flight time

Ø Limited Power: Size and Payload constraints

Ø No environment interaction

D. Mellinger, N. Michael, V. Kumar, “Precise and 
Aggressive  Maneuvers for Autonomous Quadrotors”, 

IJRR 2012

M Müller, S Lupashin, R D'Andrea, “Quadrotor ball 
juggling”, IROS 2011
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Small Size and Autonomy?
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• UKF with Sigma points on SE(3)

• Measurement by detected landmarks in the
current frame

Visual Inertial Odometry
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G. Loianno et al.  “Visual Inertial Odometry for Quadrotors on SE(3)”, ICRA 2016

Manifold representation
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Navigation in Constrained Environment

250g 4 cameras and IMU

The vehicle flying through a narrow gap

• Fast and agile autonomous navigation
● On-board navigation at 500 Hz

● Dynamic feasible trajectories with physical constraints
● Non-linear control with no switches

● 5 m/s speeds, accelerations 1.5 g, 90 degrees
and 800 deg/s

G. Loianno, C. Brunner, G. McGrath, and V. Kumar, “Estimation, Planning and Control for Aggressive 
Flight with a Small Quadrotor with Single Camera and IMU”, RA-L 2016 and ICRA 2017, 

Featured IEEE Spectrum, Popular Science, Popular Mechanics, Quartz

Disaster area
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Results
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Research Approach
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Why a Better Model is Needed
• Current IMU models are general purposes, but do not incorporate the 

system physical aspects

• IMU “erroneously” used in the prediction

• Under the standard model, the accelerometer measurement tells us 
nothing! 

𝑚𝐚$%&' = 𝑅* ∑𝐅- + 𝑚𝑔𝐞1
= 𝑅* 𝑇𝐛1 − 𝑚𝑔𝐞1 + 𝑚𝑔𝐞1
= 𝑇𝐞1
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Why a Better Model is Needed
• Current IMU models are general purposes and based on kinematics, but 

do not incorporate the system physical properties

• IMU erroneously used in the prediction as control input

• Under the standard model, the accelerometer measurement tells us 
nothing! 

𝑚𝐚$%&' = 𝑅* ∑𝐅- + 𝑚𝑔𝐞1
= 𝑅* 𝑇𝐛1 − 𝑚𝑔𝐞1 + 𝑚𝑔𝐞1
= 𝑇𝐞1
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• How do we guarantee correct vehicle
performances?

• How do we quickly adapt to changes in
vehicle configuration?

• How do we certify that the vehicle is ready
to perform autonomous flight?

Mass
Moment of Inertia 
Center of Mass
Pose Sensor
IMU

Physical Parameters

V. Wuest, V. Kumar, and G. Loianno, “Online Estimation of Geometric and Inertia Parameters for Multirotor Aerial 
Vehicles”, IEEE International Conference on Robotics and Automation ICRA 2019

https://github.com/arplaboratory/GeomInertiaEstimator

https://github.com/arplaboratory/GeomInertiaEstimator
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• The state is represented by

• The system model can be written as

• The measurement updates are provided by the IMU and pose sensor

Model

V. Wuest, V. Kumar, and G. Loianno, “Online Estimation of Geometric and Inertia Parameters for Multirotor Aerial 
Vehicles”, IEEE International Conference on Robotics and Automation ICRA 2019

https://github.com/arplaboratory/GeomInertiaEstimator
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Small Scale Drones
Problem: Can we use the IMU to estimate the 

attitude and 3D velocity in a drift-free manner?

Impact: All quadrotors equipped with IMU
● Limited payload, e.g. nano-scale quadrotors
● Vision systems may fail

Challenges
● Low cost IMUs are noisy, with drifting bias

● Velocity and attitude not directly measured

Camera Failure

Example of a nano-scale UAV, the Crazyflie 2.0

J. Svacha, K. Mohta, M. Watterson, G. Loianno and V. Kumar, “Inertial Attitude Estimation for Quadrotors”, IROS 2018
J. Svacha, G. Loianno, and V. Kumar, “Inertial Yaw-Independent Velocity and Attitude Estimation for High Speed 

Quadrotor Flight”, RA-L 2019 and ICRA 2019
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Previous work:
● Estimation of 2D velocity, roll, and pitch 

with IMU1

● Extended linear drag model to z 
direction2

𝑚�̇� = 𝐅 − 𝑅𝐷𝑅*𝐯 + 𝑚𝐠
𝐷 = diag(𝑘?@ 𝑘?A 𝑘?B)

Using only an IMU, we estimate:
● 3D velocity and tilt

● Thrust and drag coefficients

Contributions

J. Svacha, K. Mohta, M. Watterson, G. Loianno and V. Kumar, “Inertial Attitude Estimation for Quadrotors”, IROS 2018
J. Svacha, G. Loianno, and V. Kumar, “Inertial Yaw-Independent Velocity and Attitude Estimation for High Speed 

Quadrotor Flight”, RA-L 2019 and ICRA 2019
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Previous:
● Estimation of 2D velocity, roll, and pitch 

and drag coefficient with IMU

Contributions

J. Svacha, K. Mohta, M. Watterson, G. Loianno and V. Kumar, “Inertial Attitude Estimation for Quadrotors”, IROS 2018
J. Svacha, G. Loianno, and V. Kumar, “Inertial Yaw-Independent Velocity and Attitude Estimation for High Speed 

Quadrotor Flight”, RA-L 2019 and ICRA 2019
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Previous:
● Estimation of 2D velocity, roll, and pitch

and drag coefficient with IMU

● Extended linear drag model to z direction
𝑚�̇� = 𝐅 − 𝑅𝐷𝑅*𝐯 + 𝑚𝐠
𝐷 = diag(𝑘? 𝑘? 𝑘?B)

● 3D velocity and tilt

● Thrust and drag coefficients

Contributions

J. Svacha, K. Mohta, M. Watterson, G. Loianno and V. Kumar, “Inertial Attitude Estimation for Quadrotors”, IROS 2018
J. Svacha, G. Loianno, and V. Kumar, “Inertial Yaw-Independent Velocity and Attitude Estimation for High Speed 

Quadrotor Flight”, RA-L 2019 and ICRA 2019



18

Previous:
● Estimation of 2D velocity, roll, and pitch

and drag coefficient with IMU1

● Extended linear drag model to z direction2

𝑚�̇� = 𝐅 − 𝑅𝐷𝑅*𝐯 + 𝑚𝐠
𝐷 = diag(𝑘? 𝑘? 𝑘?B)

Current: Using only IMU to estimate:
● 3D velocity and tilt
● Thrust and drag coefficients

● Accelerometer biases

Contributions

J. Svacha, K. Mohta, M. Watterson, G. Loianno and V. Kumar, “Inertial Attitude Estimation for Quadrotors”, IROS 2018
J. Svacha, G. Loianno, and V. Kumar, “Inertial Yaw-Independent Velocity and Attitude Estimation for High Speed 

Quadrotor Flight”, RA-L 2019 and ICRA 2019
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Dynamic Model
What can the IMU be used to estimate? We employ an UKF to estimate

● Body-frame velocity 𝐯D
● Tilt (two degrees of freedom of 𝑅)

● 𝑘E, 𝑘?, and 𝑘B
● Accelerometer bias

J. Svacha, K. Mohta, M. Watterson, G. Loianno and V. Kumar, “Inertial Attitude Estimation for Quadrotors”, IROS 2018
J. Svacha, G. Loianno, and V. Kumar, “Inertial Yaw-Independent Velocity and Attitude Estimation for High Speed 

Quadrotor Flight”, RA-L 2019 and ICRA 2019
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Parameterizing Rotation
Hopf fibration: 𝑆𝑂(3) almost globally looks like 𝑆I×𝑆K

J. Svacha, K. Mohta, M. Watterson, G. Loianno and V. Kumar, “Inertial Attitude Estimation for Quadrotors”, IROS 2018
J. Svacha, G. Loianno, and V. Kumar, “Inertial Yaw-Independent Velocity and Attitude Estimation for High Speed 

Quadrotor Flight”, RA-L 2019 and ICRA 2019
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<latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="vrAiZ3c4iF+CMqVF/97yu/cR7RQ=">AAACNXicfZA9SwNBEIbn/IwxarS1WRTBKtxpoY0g2FhGMImQC2FvM5cs2ftgd06Ix/00G3+CnbWNhSL+AzcxATXiwMLL+84yM0+QKmnIdZ+chcWl5ZXV0lp5vbKxuVXdrjRNkmmBDZGoRN8E3KCSMTZIksKbVCOPAoWtYHgxzlu3qI1M4msapdiJeD+WoRScrNWttvyI0yAI86w480PNRT4zsOge+yQjNDPnrihyv4ma2H89k46iW913a+6k2LzwpmIfplXvVh/9XiKyCGMSihvT9tyUOjnXJIXCouxnBlMuhryPbStjbod28gmAgh1Yp8fCRNsXE5u433/kPDJmFAW2c7yn+Z2Nzb+ydkbhaSeXcZoRxuJrUJgpRgkb02Q9qVGQGlnBhZZ2VyYG3GIky7xsIXi/T54XzaOa59a8KxdKsAt7cAgenMA5XEIdGiDgHp7hFd6cB+fFef/CteBMue3Aj3I+PgEr2bHW</latexit><latexit sha1_base64="vrAiZ3c4iF+CMqVF/97yu/cR7RQ=">AAACNXicfZA9SwNBEIbn/IwxarS1WRTBKtxpoY0g2FhGMImQC2FvM5cs2ftgd06Ix/00G3+CnbWNhSL+AzcxATXiwMLL+84yM0+QKmnIdZ+chcWl5ZXV0lp5vbKxuVXdrjRNkmmBDZGoRN8E3KCSMTZIksKbVCOPAoWtYHgxzlu3qI1M4msapdiJeD+WoRScrNWttvyI0yAI86w480PNRT4zsOge+yQjNDPnrihyv4ma2H89k46iW913a+6k2LzwpmIfplXvVh/9XiKyCGMSihvT9tyUOjnXJIXCouxnBlMuhryPbStjbod28gmAgh1Yp8fCRNsXE5u433/kPDJmFAW2c7yn+Z2Nzb+ydkbhaSeXcZoRxuJrUJgpRgkb02Q9qVGQGlnBhZZ2VyYG3GIky7xsIXi/T54XzaOa59a8KxdKsAt7cAgenMA5XEIdGiDgHp7hFd6cB+fFef/CteBMue3Aj3I+PgEr2bHW</latexit><latexit sha1_base64="GM3SJ3tlWSz8fjtcLqAPL5TpHzM=">AAACQHicfVC7SgNBFJ2NrxhfUUubwSBYhV0ttBGCNpYRzAOyIcxO7iZDZh/M3BXisp9m4yfYWdtYKGJr5eQFmogHBg7nnMu9c7xYCo22/WzllpZXVtfy64WNza3tneLuXl1HieJQ45GMVNNjGqQIoYYCJTRjBSzwJDS8wdXIb9yB0iIKb3EYQztgvVD4gjM0UqfYcAOGfc9Pk+zC9RXj6UyArHPqoghAz5T7LEvdOiik/2XGiaxTLNllewy6SJwpKZEpqp3ik9uNeBJAiFwyrVuOHWM7ZQoFl5AV3ERDzPiA9aBlaMjM0nY6LiCjR0bpUj9S5oVIx+rPiZQFWg8DzyRHd+p5byT+5bUS9M/bqQjjBCHkk0V+IilGdNQm7QoFHOXQEMaVMLdS3memRjSdF0wJzvyXF0n9pOzYZefGLlUup3XkyQE5JMfEIWekQq5JldQIJw/khbyRd+vRerU+rM9JNGdNZ/bJL1hf39c1s30=</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="vrAiZ3c4iF+CMqVF/97yu/cR7RQ=">AAACNXicfZA9SwNBEIbn/IwxarS1WRTBKtxpoY0g2FhGMImQC2FvM5cs2ftgd06Ix/00G3+CnbWNhSL+AzcxATXiwMLL+84yM0+QKmnIdZ+chcWl5ZXV0lp5vbKxuVXdrjRNkmmBDZGoRN8E3KCSMTZIksKbVCOPAoWtYHgxzlu3qI1M4msapdiJeD+WoRScrNWttvyI0yAI86w480PNRT4zsOge+yQjNDPnrihyv4ma2H89k46iW913a+6k2LzwpmIfplXvVh/9XiKyCGMSihvT9tyUOjnXJIXCouxnBlMuhryPbStjbod28gmAgh1Yp8fCRNsXE5u433/kPDJmFAW2c7yn+Z2Nzb+ydkbhaSeXcZoRxuJrUJgpRgkb02Q9qVGQGlnBhZZ2VyYG3GIky7xsIXi/T54XzaOa59a8KxdKsAt7cAgenMA5XEIdGiDgHp7hFd6cB+fFef/CteBMue3Aj3I+PgEr2bHW</latexit><latexit sha1_base64="vrAiZ3c4iF+CMqVF/97yu/cR7RQ=">AAACNXicfZA9SwNBEIbn/IwxarS1WRTBKtxpoY0g2FhGMImQC2FvM5cs2ftgd06Ix/00G3+CnbWNhSL+AzcxATXiwMLL+84yM0+QKmnIdZ+chcWl5ZXV0lp5vbKxuVXdrjRNkmmBDZGoRN8E3KCSMTZIksKbVCOPAoWtYHgxzlu3qI1M4msapdiJeD+WoRScrNWttvyI0yAI86w480PNRT4zsOge+yQjNDPnrihyv4ma2H89k46iW913a+6k2LzwpmIfplXvVh/9XiKyCGMSihvT9tyUOjnXJIXCouxnBlMuhryPbStjbod28gmAgh1Yp8fCRNsXE5u433/kPDJmFAW2c7yn+Z2Nzb+ydkbhaSeXcZoRxuJrUJgpRgkb02Q9qVGQGlnBhZZ2VyYG3GIky7xsIXi/T54XzaOa59a8KxdKsAt7cAgenMA5XEIdGiDgHp7hFd6cB+fFef/CteBMue3Aj3I+PgEr2bHW</latexit><latexit sha1_base64="GM3SJ3tlWSz8fjtcLqAPL5TpHzM=">AAACQHicfVC7SgNBFJ2NrxhfUUubwSBYhV0ttBGCNpYRzAOyIcxO7iZDZh/M3BXisp9m4yfYWdtYKGJr5eQFmogHBg7nnMu9c7xYCo22/WzllpZXVtfy64WNza3tneLuXl1HieJQ45GMVNNjGqQIoYYCJTRjBSzwJDS8wdXIb9yB0iIKb3EYQztgvVD4gjM0UqfYcAOGfc9Pk+zC9RXj6UyArHPqoghAz5T7LEvdOiik/2XGiaxTLNllewy6SJwpKZEpqp3ik9uNeBJAiFwyrVuOHWM7ZQoFl5AV3ERDzPiA9aBlaMjM0nY6LiCjR0bpUj9S5oVIx+rPiZQFWg8DzyRHd+p5byT+5bUS9M/bqQjjBCHkk0V+IilGdNQm7QoFHOXQEMaVMLdS3memRjSdF0wJzvyXF0n9pOzYZefGLlUup3XkyQE5JMfEIWekQq5JldQIJw/khbyRd+vRerU+rM9JNGdNZ/bJL1hf39c1s30=</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit><latexit sha1_base64="RQc7OhnBkljfv0GfOO79g5oRW+c=">AAACQHicfVC7SgNBFJ31GeMramkzGASrsKuCNkLQxjKCeUA2hNnJ3WTI7IOZu0Jc9tNs/AQ7axsLRWytnLxAE/HAwOGcc7l3jhdLodG2n62FxaXlldXcWn59Y3Nru7CzW9NRojhUeSQj1fCYBilCqKJACY1YAQs8CXWvfzX063egtIjCWxzE0ApYNxS+4AyN1C7U3YBhz/PTJLtwfcV4OhUga5+4KALQU+U+y1K3Bgrpf5lRImsXinbJHoHOE2dCimSCSrvw5HYingQQIpdM66Zjx9hKmULBJWR5N9EQM95nXWgaGjKztJWOCsjooVE61I+UeSHSkfpzImWB1oPAM8nhnXrWG4p/ec0E/fNWKsI4QQj5eJGfSIoRHbZJO0IBRzkwhHElzK2U95ipEU3neVOCM/vleVI7Ljl2ybk5LZYvJ3XkyD45IEfEIWekTK5JhVQJJw/khbyRd+vRerU+rM9xdMGazOyRX7C+vgHYdbOB</latexit>
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Yaw-Tilt Convention
We write the orientation as

�̇� is independent of 𝜓!

ż = �Rz(⇡)[!]⇥Rz(⇡)z
<latexit sha1_base64="jz6Ezuo15aVLCCh8LopmGB2IFXs="></latexit><latexit sha1_base64="jz6Ezuo15aVLCCh8LopmGB2IFXs="></latexit><latexit sha1_base64="jz6Ezuo15aVLCCh8LopmGB2IFXs="></latexit><latexit sha1_base64="jz6Ezuo15aVLCCh8LopmGB2IFXs="></latexit>

Ṙtilt (z) = Ṙ>
 R+R>

 Ṙ

= �[ ̇e3]⇥R
>
 R+R>

 R[!]⇥

= �[ ̇e3]⇥R� +R�[!]⇥.
<latexit sha1_base64="ZuWGmxCUyuVfOrcHWIhikysHySA="></latexit><latexit sha1_base64="ZuWGmxCUyuVfOrcHWIhikysHySA="></latexit><latexit sha1_base64="ZuWGmxCUyuVfOrcHWIhikysHySA="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="8AKQYNnHVSGc5n3Istc1ezT/yNM="></latexit><latexit sha1_base64="8AKQYNnHVSGc5n3Istc1ezT/yNM="></latexit><latexit sha1_base64="6CKN8/MYjP+eNWbqw9m3AeJlLEs="></latexit><latexit sha1_base64="ZuWGmxCUyuVfOrcHWIhikysHySA="></latexit><latexit sha1_base64="ZuWGmxCUyuVfOrcHWIhikysHySA="></latexit><latexit sha1_base64="ZuWGmxCUyuVfOrcHWIhikysHySA="></latexit><latexit sha1_base64="ZuWGmxCUyuVfOrcHWIhikysHySA="></latexit><latexit sha1_base64="ZuWGmxCUyuVfOrcHWIhikysHySA="></latexit><latexit sha1_base64="ZuWGmxCUyuVfOrcHWIhikysHySA="></latexit>

R = R Rtilt (z)
<latexit sha1_base64="VkbuGxeygEgGH3/HAgCTsdyKrGA=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIFmFXBG2EoI1lDOYB2RBmJ7PJkNnZZeauEJf8g42/YmOhiK2NnX/jbJJCEw8MczjnXu69x48F1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94XXmN++Z0jySdzCKWSckfckDTgkYqWuf1PAlrnW9WHPzpcAFjD3BAih5IYGBH6QPY0/x/gCOu3bRKTsT4EXizkgRzVDt2l9eL6JJyCRQQbRuu04MnZQo4FSwccFLNIsJHZI+axsqSch0J53cNMZHRunhIFLmScAT9XdHSkKtR6FvKrNF9byXif957QSCi07KZZwAk3Q6KEgEhghnAeEeV4yCGBlCqOJmV0wHRBEKJsaCCcGdP3mRNE7LrlN2b8+KlatZHHl0gA5RCbnoHFXQDaqiOqLoET2jV/RmPVkv1rv1MS3NWbOeffQH1ucPrJieDw==</latexit><latexit sha1_base64="VkbuGxeygEgGH3/HAgCTsdyKrGA=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIFmFXBG2EoI1lDOYB2RBmJ7PJkNnZZeauEJf8g42/YmOhiK2NnX/jbJJCEw8MczjnXu69x48F1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94XXmN++Z0jySdzCKWSckfckDTgkYqWuf1PAlrnW9WHPzpcAFjD3BAih5IYGBH6QPY0/x/gCOu3bRKTsT4EXizkgRzVDt2l9eL6JJyCRQQbRuu04MnZQo4FSwccFLNIsJHZI+axsqSch0J53cNMZHRunhIFLmScAT9XdHSkKtR6FvKrNF9byXif957QSCi07KZZwAk3Q6KEgEhghnAeEeV4yCGBlCqOJmV0wHRBEKJsaCCcGdP3mRNE7LrlN2b8+KlatZHHl0gA5RCbnoHFXQDaqiOqLoET2jV/RmPVkv1rv1MS3NWbOeffQH1ucPrJieDw==</latexit><latexit sha1_base64="VkbuGxeygEgGH3/HAgCTsdyKrGA=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIFmFXBG2EoI1lDOYB2RBmJ7PJkNnZZeauEJf8g42/YmOhiK2NnX/jbJJCEw8MczjnXu69x48F1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94XXmN++Z0jySdzCKWSckfckDTgkYqWuf1PAlrnW9WHPzpcAFjD3BAih5IYGBH6QPY0/x/gCOu3bRKTsT4EXizkgRzVDt2l9eL6JJyCRQQbRuu04MnZQo4FSwccFLNIsJHZI+axsqSch0J53cNMZHRunhIFLmScAT9XdHSkKtR6FvKrNF9byXif957QSCi07KZZwAk3Q6KEgEhghnAeEeV4yCGBlCqOJmV0wHRBEKJsaCCcGdP3mRNE7LrlN2b8+KlatZHHl0gA5RCbnoHFXQDaqiOqLoET2jV/RmPVkv1rv1MS3NWbOeffQH1ucPrJieDw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="GeFJXiGq1Fku6q160LAuuzmN9Y8=">AAACCHicbVDLSgNBEOyNrxijRq9eBoMQPYRdL3oRBC8eYzAPyC5hdjKbDJl9MNMrxCX/4MVf8eJBEb/Am3/jbJKDJhYMXVR1M93lJ1JotO1vq7C2vrG5Vdwu7ZR39/YrB+W2jlPFeIvFMlZdn2ouRcRbKFDybqI4DX3JO/74Jvc7D1xpEUf3OEm4F9JhJALBKBqpXzlrkivS7LuJFqZkKCROXckDrLkhxZEfZI9TV4nhCE/7lapdt2cgq8RZkCos0OhXvtxBzNKQR8gk1brn2Al6GVUomOTTkptqnlA2pkPeMzSiIddeNrtpSk6MMiBBrMyLkMzU3xMZDbWehL7pzBfVy14u/uf1UgwuvUxESYo8YvOPglQSjEkeEBkIxRnKiSGUKWF2JWxEFWVoYiyZEJzlk1dJ+7zu2HXnzoYiHMEx1MCBC7iGW2hACxg8wQu8wbv1bL1aH/O4CtYit0P4A+vzB+PMnJE=</latexit><latexit sha1_base64="GeFJXiGq1Fku6q160LAuuzmN9Y8=">AAACCHicbVDLSgNBEOyNrxijRq9eBoMQPYRdL3oRBC8eYzAPyC5hdjKbDJl9MNMrxCX/4MVf8eJBEb/Am3/jbJKDJhYMXVR1M93lJ1JotO1vq7C2vrG5Vdwu7ZR39/YrB+W2jlPFeIvFMlZdn2ouRcRbKFDybqI4DX3JO/74Jvc7D1xpEUf3OEm4F9JhJALBKBqpXzlrkivS7LuJFqZkKCROXckDrLkhxZEfZI9TV4nhCE/7lapdt2cgq8RZkCos0OhXvtxBzNKQR8gk1brn2Al6GVUomOTTkptqnlA2pkPeMzSiIddeNrtpSk6MMiBBrMyLkMzU3xMZDbWehL7pzBfVy14u/uf1UgwuvUxESYo8YvOPglQSjEkeEBkIxRnKiSGUKWF2JWxEFWVoYiyZEJzlk1dJ+7zu2HXnzoYiHMEx1MCBC7iGW2hACxg8wQu8wbv1bL1aH/O4CtYit0P4A+vzB+PMnJE=</latexit><latexit sha1_base64="7s6ajCTIjpqgpHi8dQs8GqIwEJ0=">AAACE3icbVC7TsMwFHV4lvIKMLJYVEiFoUpYYEGqYGEsFX1ITRQ5rtNadR6yb5BK1H9g4VdYGECIlYWNv8FpM0DLkSwfnXOv7r3HTwRXYFnfxtLyyuraemmjvLm1vbNr7u23VZxKylo0FrHs+kQxwSPWAg6CdRPJSOgL1vFH17nfuWdS8Ti6g3HC3JAMIh5wSkBLnnnaxJe46TmJ4vrLgAuYOIIFUHVCAkM/yB4mjuSDIZx4ZsWqWVPgRWIXpIIKNDzzy+nHNA1ZBFQQpXq2lYCbEQmcCjYpO6liCaEjMmA9TSMSMuVm05sm+FgrfRzEUr8I8FT93ZGRUKlx6OvKfFE17+Xif14vheDCzXiUpMAiOhsUpAJDjPOAcJ9LRkGMNSFUcr0rpkMiCQUdY1mHYM+fvEjaZzXbqtm3VqV+VcRRQofoCFWRjc5RHd2gBmohih7RM3pFb8aT8WK8Gx+z0iWj6DlAf2B8/gCrWJ4L</latexit><latexit sha1_base64="VkbuGxeygEgGH3/HAgCTsdyKrGA=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIFmFXBG2EoI1lDOYB2RBmJ7PJkNnZZeauEJf8g42/YmOhiK2NnX/jbJJCEw8MczjnXu69x48F1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94XXmN++Z0jySdzCKWSckfckDTgkYqWuf1PAlrnW9WHPzpcAFjD3BAih5IYGBH6QPY0/x/gCOu3bRKTsT4EXizkgRzVDt2l9eL6JJyCRQQbRuu04MnZQo4FSwccFLNIsJHZI+axsqSch0J53cNMZHRunhIFLmScAT9XdHSkKtR6FvKrNF9byXif957QSCi07KZZwAk3Q6KEgEhghnAeEeV4yCGBlCqOJmV0wHRBEKJsaCCcGdP3mRNE7LrlN2b8+KlatZHHl0gA5RCbnoHFXQDaqiOqLoET2jV/RmPVkv1rv1MS3NWbOeffQH1ucPrJieDw==</latexit><latexit sha1_base64="VkbuGxeygEgGH3/HAgCTsdyKrGA=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIFmFXBG2EoI1lDOYB2RBmJ7PJkNnZZeauEJf8g42/YmOhiK2NnX/jbJJCEw8MczjnXu69x48F1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94XXmN++Z0jySdzCKWSckfckDTgkYqWuf1PAlrnW9WHPzpcAFjD3BAih5IYGBH6QPY0/x/gCOu3bRKTsT4EXizkgRzVDt2l9eL6JJyCRQQbRuu04MnZQo4FSwccFLNIsJHZI+axsqSch0J53cNMZHRunhIFLmScAT9XdHSkKtR6FvKrNF9byXif957QSCi07KZZwAk3Q6KEgEhghnAeEeV4yCGBlCqOJmV0wHRBEKJsaCCcGdP3mRNE7LrlN2b8+KlatZHHl0gA5RCbnoHFXQDaqiOqLoET2jV/RmPVkv1rv1MS3NWbOeffQH1ucPrJieDw==</latexit><latexit sha1_base64="VkbuGxeygEgGH3/HAgCTsdyKrGA=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIFmFXBG2EoI1lDOYB2RBmJ7PJkNnZZeauEJf8g42/YmOhiK2NnX/jbJJCEw8MczjnXu69x48F1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94XXmN++Z0jySdzCKWSckfckDTgkYqWuf1PAlrnW9WHPzpcAFjD3BAih5IYGBH6QPY0/x/gCOu3bRKTsT4EXizkgRzVDt2l9eL6JJyCRQQbRuu04MnZQo4FSwccFLNIsJHZI+axsqSch0J53cNMZHRunhIFLmScAT9XdHSkKtR6FvKrNF9byXif957QSCi07KZZwAk3Q6KEgEhghnAeEeV4yCGBlCqOJmV0wHRBEKJsaCCcGdP3mRNE7LrlN2b8+KlatZHHl0gA5RCbnoHFXQDaqiOqLoET2jV/RmPVkv1rv1MS3NWbOeffQH1ucPrJieDw==</latexit><latexit sha1_base64="VkbuGxeygEgGH3/HAgCTsdyKrGA=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIFmFXBG2EoI1lDOYB2RBmJ7PJkNnZZeauEJf8g42/YmOhiK2NnX/jbJJCEw8MczjnXu69x48F1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94XXmN++Z0jySdzCKWSckfckDTgkYqWuf1PAlrnW9WHPzpcAFjD3BAih5IYGBH6QPY0/x/gCOu3bRKTsT4EXizkgRzVDt2l9eL6JJyCRQQbRuu04MnZQo4FSwccFLNIsJHZI+axsqSch0J53cNMZHRunhIFLmScAT9XdHSkKtR6FvKrNF9byXif957QSCi07KZZwAk3Q6KEgEhghnAeEeV4yCGBlCqOJmV0wHRBEKJsaCCcGdP3mRNE7LrlN2b8+KlatZHHl0gA5RCbnoHFXQDaqiOqLoET2jV/RmPVkv1rv1MS3NWbOeffQH1ucPrJieDw==</latexit><latexit sha1_base64="VkbuGxeygEgGH3/HAgCTsdyKrGA=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIFmFXBG2EoI1lDOYB2RBmJ7PJkNnZZeauEJf8g42/YmOhiK2NnX/jbJJCEw8MczjnXu69x48F1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94XXmN++Z0jySdzCKWSckfckDTgkYqWuf1PAlrnW9WHPzpcAFjD3BAih5IYGBH6QPY0/x/gCOu3bRKTsT4EXizkgRzVDt2l9eL6JJyCRQQbRuu04MnZQo4FSwccFLNIsJHZI+axsqSch0J53cNMZHRunhIFLmScAT9XdHSkKtR6FvKrNF9byXif957QSCi07KZZwAk3Q6KEgEhghnAeEeV4yCGBlCqOJmV0wHRBEKJsaCCcGdP3mRNE7LrlN2b8+KlatZHHl0gA5RCbnoHFXQDaqiOqLoET2jV/RmPVkv1rv1MS3NWbOeffQH1ucPrJieDw==</latexit><latexit sha1_base64="VkbuGxeygEgGH3/HAgCTsdyKrGA=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0GIFmFXBG2EoI1lDOYB2RBmJ7PJkNnZZeauEJf8g42/YmOhiK2NnX/jbJJCEw8MczjnXu69x48F1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94XXmN++Z0jySdzCKWSckfckDTgkYqWuf1PAlrnW9WHPzpcAFjD3BAih5IYGBH6QPY0/x/gCOu3bRKTsT4EXizkgRzVDt2l9eL6JJyCRQQbRuu04MnZQo4FSwccFLNIsJHZI+axsqSch0J53cNMZHRunhIFLmScAT9XdHSkKtR6FvKrNF9byXif957QSCi07KZZwAk3Q6KEgEhghnAeEeV4yCGBlCqOJmV0wHRBEKJsaCCcGdP3mRNE7LrlN2b8+KlatZHHl0gA5RCbnoHFXQDaqiOqLoET2jV/RmPVkv1rv1MS3NWbOeffQH1ucPrJieDw==</latexit>

J. Svacha, K. Mohta, M. Watterson, G. Loianno and V. Kumar, “Inertial Attitude Estimation for Quadrotors”, IROS 2018
J. Svacha, G. Loianno, and V. Kumar, “Inertial Yaw-Independent Velocity and Attitude Estimation for High Speed 

Quadrotor Flight”, RA-L 2019 and ICRA 2019
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Yaw Estimation
• IMU alone cannot be used to estimate yaw
• How can a camera be used to do it in a faster way with the underlying 

inertial filter? 
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Measurement Update
The measurement update is provided by the yaw

and the acceleration provided by the IMU

y2 =
kf
m

usse3 �
us

m
Dv + b+ ⌫a
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25



26

We design a 32 state UKF

Translational part dynamics with drag on each motor hub speed 

Rotational part dynamics

Newton-Euler Dynamics

J
d

dt
(!B) =

4X

i=1

MB
i � !B ⇥ J!B

<latexit sha1_base64="sSzY4aqb+1LR+xCJdEuFcISKl9k="></latexit><latexit sha1_base64="sSzY4aqb+1LR+xCJdEuFcISKl9k="></latexit><latexit sha1_base64="sSzY4aqb+1LR+xCJdEuFcISKl9k="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="CXqaL9DL+UBuhqbYkOSD650e5ss="></latexit><latexit sha1_base64="CXqaL9DL+UBuhqbYkOSD650e5ss="></latexit><latexit sha1_base64="v/yykfYwv6A8s9YFo8JVeKyTzfg="></latexit><latexit sha1_base64="sSzY4aqb+1LR+xCJdEuFcISKl9k="></latexit><latexit sha1_base64="sSzY4aqb+1LR+xCJdEuFcISKl9k="></latexit><latexit sha1_base64="sSzY4aqb+1LR+xCJdEuFcISKl9k="></latexit><latexit sha1_base64="sSzY4aqb+1LR+xCJdEuFcISKl9k="></latexit><latexit sha1_base64="sSzY4aqb+1LR+xCJdEuFcISKl9k="></latexit><latexit sha1_base64="sSzY4aqb+1LR+xCJdEuFcISKl9k="></latexit>

M i = M i,force +M i,flap +M i,yaw
<latexit sha1_base64="GZa8o7RZ62wM2S80HtKgu+YEzQk="></latexit><latexit sha1_base64="GZa8o7RZ62wM2S80HtKgu+YEzQk="></latexit><latexit sha1_base64="GZa8o7RZ62wM2S80HtKgu+YEzQk="></latexit><latexit sha1_base64="GZa8o7RZ62wM2S80HtKgu+YEzQk="></latexit>

M i,force = ri ⇥ F i
<latexit sha1_base64="sroM+YgWlvNju0jGEljQFwMJnRs="></latexit><latexit sha1_base64="sroM+YgWlvNju0jGEljQFwMJnRs="></latexit><latexit sha1_base64="sroM+YgWlvNju0jGEljQFwMJnRs="></latexit><latexit sha1_base64="sroM+YgWlvNju0jGEljQFwMJnRs="></latexit>

M i,yaw = �✏i(k⌧ (uci � ui) + kmu2
i )b3

<latexit sha1_base64="sP2Wg4/rORK4R7hEXlchXO9hIiY="></latexit><latexit sha1_base64="sP2Wg4/rORK4R7hEXlchXO9hIiY="></latexit><latexit sha1_base64="sP2Wg4/rORK4R7hEXlchXO9hIiY="></latexit><latexit sha1_base64="sP2Wg4/rORK4R7hEXlchXO9hIiY="></latexit>

M i,flap = kflapuivi ⇥ b3
<latexit sha1_base64="i2Gmakyn0wr0sLuOuhm/S1djCWw="></latexit><latexit sha1_base64="i2Gmakyn0wr0sLuOuhm/S1djCWw="></latexit><latexit sha1_base64="i2Gmakyn0wr0sLuOuhm/S1djCWw="></latexit><latexit sha1_base64="i2Gmakyn0wr0sLuOuhm/S1djCWw="></latexit>

x =
�
s> vB> !B> bB> u> I> k>�>

<latexit sha1_base64="LvKWUhP73KD9UhdoxYq6JYw0uXg="></latexit><latexit sha1_base64="LvKWUhP73KD9UhdoxYq6JYw0uXg="></latexit><latexit sha1_base64="LvKWUhP73KD9UhdoxYq6JYw0uXg="></latexit><latexit sha1_base64="LvKWUhP73KD9UhdoxYq6JYw0uXg="></latexit>

m
d

dt
(vB) =

4X

i=1

(kfu
2
ie3 � uiDvB

i )�m(gR>e3 + !B ⇥ vB)
<latexit sha1_base64="gEpHJh3Yu84dShrDZ+flbJMIcAM="></latexit><latexit sha1_base64="gEpHJh3Yu84dShrDZ+flbJMIcAM="></latexit><latexit sha1_base64="gEpHJh3Yu84dShrDZ+flbJMIcAM="></latexit><latexit sha1_base64="gEpHJh3Yu84dShrDZ+flbJMIcAM="></latexit>

J. Svacha, J. Paulos, G. Loianno, and V. Kumar, “IMU-Based Inertia Estimation for a Quadrotor Using 
Newton-Euler Dynamics”, RA-L 2020 and ICRA 2020
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Flapping Moment
Compare terms predicted by model with those measured by sensors

IMU moment “measurement”

Model moment prediction Mmodel,k =
4X

i=1

r̂i,k ⇥ F̂ i � !̂ ⇥ J!̂
<latexit sha1_base64="j2INQeV582Lj2IZZj5gIhk5uUMo="></latexit><latexit sha1_base64="j2INQeV582Lj2IZZj5gIhk5uUMo="></latexit><latexit sha1_base64="j2INQeV582Lj2IZZj5gIhk5uUMo="></latexit><latexit sha1_base64="j2INQeV582Lj2IZZj5gIhk5uUMo="></latexit>

M IMU,k = J
!̂k � !̂k�1

�t
<latexit sha1_base64="H7C1UQjC0pX6Gt67rDMHu+gda6k="></latexit><latexit sha1_base64="H7C1UQjC0pX6Gt67rDMHu+gda6k="></latexit><latexit sha1_base64="H7C1UQjC0pX6Gt67rDMHu+gda6k="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="BZQcqiXnavjDz3jElVzNkYSL4KY="></latexit><latexit sha1_base64="BZQcqiXnavjDz3jElVzNkYSL4KY="></latexit><latexit sha1_base64="lezqaTP8MBW79fO/KkwvzRLbTyE="></latexit><latexit sha1_base64="H7C1UQjC0pX6Gt67rDMHu+gda6k="></latexit><latexit sha1_base64="H7C1UQjC0pX6Gt67rDMHu+gda6k="></latexit><latexit sha1_base64="H7C1UQjC0pX6Gt67rDMHu+gda6k="></latexit><latexit sha1_base64="H7C1UQjC0pX6Gt67rDMHu+gda6k="></latexit><latexit sha1_base64="H7C1UQjC0pX6Gt67rDMHu+gda6k="></latexit><latexit sha1_base64="H7C1UQjC0pX6Gt67rDMHu+gda6k="></latexit>

J!̇ ⇡ M
<latexit sha1_base64="wozv+9Rrp6aVU/lVrzn43IxnwFM="></latexit><latexit sha1_base64="wozv+9Rrp6aVU/lVrzn43IxnwFM="></latexit><latexit sha1_base64="wozv+9Rrp6aVU/lVrzn43IxnwFM="></latexit><latexit sha1_base64="wozv+9Rrp6aVU/lVrzn43IxnwFM="></latexit>

J. Svacha, J. Paulos, G. Loianno, and V. Kumar, “IMU-Based Inertia Estimation for a Quadrotor Using 
Newton-Euler Dynamics”, RA-L 2020 and ICRA 2020

�Mk = M IMU,k �Mmodel,k
<latexit sha1_base64="t1/+9l2aldIwaGiY4LG26KpcW+0="></latexit><latexit sha1_base64="t1/+9l2aldIwaGiY4LG26KpcW+0="></latexit><latexit sha1_base64="t1/+9l2aldIwaGiY4LG26KpcW+0="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="NrdF22uDxudSqIQ3OFpF3rAfAPE="></latexit><latexit sha1_base64="NrdF22uDxudSqIQ3OFpF3rAfAPE="></latexit><latexit sha1_base64="SB08TIVPr0T5hjrW7fnPupllykw="></latexit><latexit sha1_base64="t1/+9l2aldIwaGiY4LG26KpcW+0="></latexit><latexit sha1_base64="t1/+9l2aldIwaGiY4LG26KpcW+0="></latexit><latexit sha1_base64="t1/+9l2aldIwaGiY4LG26KpcW+0="></latexit><latexit sha1_base64="t1/+9l2aldIwaGiY4LG26KpcW+0="></latexit><latexit sha1_base64="t1/+9l2aldIwaGiY4LG26KpcW+0="></latexit><latexit sha1_base64="t1/+9l2aldIwaGiY4LG26KpcW+0="></latexit>
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Conclusion
• New refined and more accurate models reveals the possibility to estimate 

additional and more accurate system properties

• Useful for navigation re-initialiazation or alternative to existing VINS

• Help tracking control performances

• Combine current visual-inertial navigation techniques with 
dynamic models

• Coupling and co-design of perception and action



30

Acknowledgments



31

ThankYou

Questions?

Giuseppe Loianno

New York University
loiannog@nyu.edu

mailto:loiannog@nyu.edu

